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Abstract. Different pattern calculi integrate the functional mechanisms
from the λ-calculus and the matching capabilities from rewriting. Several
approaches are used to obtain the confluence but in practice the proof
methods share the same structure and each variation on the way patternabstractions are applied needs another proof of confluence.
We propose here a generic confluence proof where the way patternabstractions are applied is axiomatized. Intuitively, the conditions guarantee that the matching is stable by substitution and by reduction.
We show that our approach directly applies to different pattern calculi,
namely the lambda calculus with patterns, the pure pattern calculus
and the rewriting calculus. We also characterize a class of matching algorithms and consequently of pattern-calculi that are not confluent.

Introduction
Pattern matching, i.e. the ability to discriminate patterns is one of the main
basic mechanisms human reasoning is based on. This concept is present since
the beginning of information processing modeling. Instances of it can be traced
back to pattern recognition and it has been extensively studied when dealing
with strings [15], trees [9] or feature objects [1].
It is somewhat astonishing that one of the most commonly used models of
computation, the lambda calculus, uses only trivial pattern matching. This has
been extended, initially for programming concerns, either by the introduction of
patterns in lambda calculi [19], or by the introduction of matching and rewrite
rules in functional programming languages. There are several formalisms that
address the integration of pattern matching capabilities with the lambda calculus; we can mention the λ-calculus with patterns [24], the rewriting calculus [6],
the pure pattern calculus [10] and the λ-calculus with constructors [2].
Each of these pattern-based calculi differs on the way patterns are defined
and on the way pattern-abstractions are applied. Thus, patterns can be simple
variables like in the λ-calculus, algebraic terms like in the algebraic ρ-calculus [7],
special (static) patterns that satisfy certain (semantic or syntactic) conditions
like in the λ-calculus with patterns or dynamic patterns that can be instantiated
and possibly reduced like in the pure pattern calculus and some versions of the
ρ-calculus. The underlying matching theory strongly depends on the form of the
patterns and can be syntactic, equational or more sophisticated [10,4].
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Although some of these calculi just extend the λ-calculus by allowing patternabstractions instead of variable-abstractions the confluence of these formalisms
is lost when no restrictions are imposed.
Several approaches are then used to recover confluence. One of these techniques consists in syntactically restricting the set of patterns and then showing
that the reduction relation is confluent for the chosen subset. This is done for
example in the λ-calculus with patterns and in the ρ-calculus (with algebraic
patterns). The second technique considers a restriction of the initial reduction
relation (that is, a strategy) to guarantee that the calculus is confluent on the
whole set of terms. This is done for example in the pure pattern calculus where
the matching algorithm is a partial function (whereas any term is a pattern).
Nevertheless we can notice that in practice, the proof methods share the same
structure and that each variation on the way pattern-abstractions are applied
needs another proof of confluence. There is thus a need for a more abstract and
more modular approach in the same spirit as in [18,11]. A possible way to have
a unified approach for proving the confluence is the application of the general
and powerful results on the confluence of higher-order rewrite systems [14,17,21].
Although these results have already been applied for some particular patterncalculi [5] the encoding seems to be rather complex for some calculi and in
particular for the general setting proposed in this paper. Moreover, it would
be interesting to have a framework where the expressiveness and (confluence)
properties of the different pattern calculi can be compared.
In this paper, we show that all the pattern-based calculi using a unitary
matching algorithm can be expressed in a general calculus parameterized by
a function that defines the underlying matching algorithm and thus the way
pattern-abstractions are applied. This function can be instantiated (implemented) by a unitary matching algorithm as in [6,10] but also by an anti-pattern
matching algorithm [12] or it can be even more general [16]. We propose a
generic confluence proof where the way pattern-abstractions are applied is axiomatized. Intuitively, the sufficient conditions to ensure confluence guarantee
that the (matching) function is stable by substitution and by reduction.
We apply our approach to several classical pattern calculi, namely the λcalculus with patterns, the pure pattern calculus and the ρ-calculus. For all
these calculi, we give the encodings in the general framework and we obtain
proofs of confluence. This approach does not provide confluence proofs for free
but it establishes a proof methodology and isolates the key points that make
the calculi confluent. It can also point out some matching algorithms that although natural at the first sight can lead to non-confluent reductions in the
corresponding calculus.
Outline of the paper In Section 1 we give the syntax and semantics of the dynamic
pattern λ-calculus. The hypotheses under which the calculus is confluent and the
main theorems are stated in Section 2. A non-confluent calculus is given at the
end of this section. In Section 3 we give the encoding of different pattern-calculi
and the corresponding confluence proofs. Section 4 concludes and gives some
perspectives to this work.
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A, B ::= x
|c
| λθ A.B
| AB

(Variable)
(Constant)
(Abstraction)
(Application)

Fig. 1. Syntax of the (core) dynamic pattern λ-calculus
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The Dynamic Pattern λ-calculus

In this section, we first define the syntax and the operational semantics of the core
dynamic pattern λ-calculus. We then give the general definition of the dynamic
pattern λ-calculus.
1.1

Syntax

The syntax of the core dynamic pattern λ-calculus is defined in Figure 1. It consists of variables (denoted by x, y, z, . . .), constants (denoted a, b, c, d, e, f, . . .),
abstractions and applications. In an abstraction of the form λθ A.B we call the
term A the pattern and the term B the body. The set θ is a subset of the set of
variables of A and represents the set of variables bound by the abstraction. This
set is often omitted when it is exactly the set of free variables of the pattern. We
sometimes use an algebraic notation f (A1 , . . . , An ) for the term ((f A1 ) . . .) An ).
Comparing to the λ-calculus we abstract not only on variables but on general
terms and the set of variables bound by an abstraction is not necessarily the same
as the set of (free) variables of the corresponding pattern. We say thus that the
patterns are dynamic since they can be instantiated and possibly reduced.
Definition 1 (Free and bound variables). The set of free and bound variables of a term A, denoted fv(A) and bv(A), are defined inductively by:
fv(c) , ∅
bv(c) , ∅
fv(A B) , fv(A) ∪ fv(B)
bv(A B) , bv(A) ∪ bv(B)

fv(x) , {x}
bv(x) , ∅
fv(λθ A.B) , (fv(A) ∪ fv(B))\θ
bv(λθ A.B) , bv(A) ∪ bv(B) ∪ θ

When the set of free variables of a term is empty we say that the term is closed.
Otherwise, it is open.
In what follows we work modulo α-conversion, that is two terms that are
α-convertible are not distinguishable. Equality modulo α-equivalence is denoted
here by ≡. We adopt Barendregt’s hygiene-convention [3], i.e. free and bound
variables have different names.
A substitution is a partial function from variables to terms (we use post-fix notation for substitution application). We denote by σ = {x1 ← A1 , . . . , xn ← An }
the substitution that maps each variable xi to a term Ai . The set {x1 , . . . , xn }
is called the domain of σ and is denoted by Dom(σ). The range of a substitution
σ, denoted by Ran(σ), is the union of the sets fv(xσ) where x ∈ Dom(σ). The
composition of two substitutions σ and τ is denoted σ ◦ τ and defined as usually,
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that is x(σ◦τ ) = (xτ )σ. We denote by id the empty substitution. The restriction
of (the domain of) a substitution σ to a set of variables θ is denoted by σ|θ .
Definition 2 (Substitution). The application of a substitution σ to a term A
is inductively defined by
xσ
yσ
(λθ A1 .A2 )σ
(A1 A2 )σ

,
,
,
,

A
if σ = {. . . , x ← A, . . .}
y
if y 6∈ Dom(σ)
λθ (A1 σ).(A2 σ)
(A1 σ)(A2 σ)

In the abstraction case, we take the usual precautions to avoid variable captures.
1.2

Operational Semantics

The operational semantics of the core dynamic pattern λ-calculus is given by
a single reduction rule that defines the way pattern-abstractions are applied.
This rule, given in Figure 2, is parameterized by a partial function, denoted
Sol(A ≺
≺θ B), that takes as parameters two terms A and B and a set θ of
variables and returns a substitution.
In most of the cases this function corresponds to a pattern-matching algorithm but it can be even more general [16,12].
Example 1 (Syntactic matching). We consider matching problems of the form
A ? B and conjunctions of such problems built with the (associative, idempotent and with neutral element) operator ∧ . The symbol F represents a matching
problem without solution. The following set of terminating and confluent rules
can be used to solve a (non-linear) syntactic matching problem:
A ? A ∧ M
f (A1 , . . . , An ) ? f (A01 , . . . , A0n ) ∧ M
f (A1 , . . . , An ) ? g(A01 , . . . , A0m ) ∧ M
f (A1 , . . . , An ) ? x ∧ M
(x ? A) ∧ (x ? A0 ) ∧ M

→
→
→
→
→

M
∧ni=1 (Ai ? A0i ) ∧ M
F
F
F

f 6= g
A 6= A0

We can define Sol(A ≺
≺θ B) as the function that normalizes the matching
problem A ? B w.r.t. the above rewrite rules and according to the obtained
result returns:
– nothing (i.e. is not defined) if fv(A) 6= θ or if the result isVF,
– the substitution {xi ← Ai }i∈I if the result is of the form i∈I6=∅ xi ? Ai ,
– id, if the result is empty.
In Section 2.2 we analyze the confluence of the relation induced by this rule
and more precisely of its compatible [3] and transitive closure.
Definition 3 (Compatible relation). A relation 7→R on the set of terms of
the core dynamic pattern λ-calculus is said to be compatible if for all terms A,
B and C s.t. A 7→R B we have AC 7→R BC, λθ A.C 7→R λθ B.C, CA 7→R
CB and λθ C.A 7→R λθ C.B.
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(β)

(λθ A.B)C

→

Bσ
where σ = Sol(A ≺
≺θ C)

Fig. 2. Operational semantics of the core dynamic pattern λ-calculus

Different instances of the core dynamic pattern λ-calculus are obtained when
we give concrete definitions to Sol. For example, the λ-calculus can be seen as
the core dynamic pattern λ-calculus such that
σ = Sol(A ≺
≺θ C) iff A is a variable x, θ = {x} and Aσ ≡ C
Example 2 (Case branchings). Consider a pattern-based calculus with a case
construct denoted using | (a.k.a. a match operator as in functional programming
languages). It can be encoded in the core dynamic pattern λ-calculus as follows:

(A1 7→ B1 | . . . |An 7→ Bn ) C
,
λx (A1 ,→ B1 / . . . /An ,→ Bn ).x C
where x is a fresh variable, the symbols ,→ and / are constants of the core
dynamic pattern λ-calculus (infix notation) and the function Sol may be defined
by

Sol (A1 ,→ B1 / . . . /An ,→ Bn ) ≺≺x Ai σ
,
{x ← Bi σ}
Some pattern-calculi come with additional features and cannot be expressed
as instances of the core dynamic pattern λ-calculus. For example, the pure pattern calculus [10] and some versions of the rewriting calculus [7] reduce the
application of a pattern-abstraction to a special term when the corresponding
matching problem has not and will never have a solution. In the rewriting calculus [7] there is also a construction that aggregates terms and then distributes
them over applications. These calculi as well as their encodings are briefly presented in Section 3.
We define thus the dynamic pattern λ-calculus as the core dynamic pattern
λ-calculus extended by a set of rewrite rules. As for Sol this set, denoted ξ, is
not made precise and can be considered as a parameter of the calculus. It can
include for example some rules to reduce particular pattern-abstractions to a
special constant representing a definitive matching failure or some extra rules
describing the distributivity of certain symbols (like the structure operator of
the ρ-calculus) over the applications.
In what follows, 7→β denotes the compatible closure of the relation induced
by the rule β and 7→
→β denotes the transitive closure of 7→β . Similarly, we will
denote by 7→β∪ξ the compatible closure of the relation induced by the rules β
and ξ. 7→
→β∪ξ denotes the transitive closure of 7→β∪ξ .

2

The Confluence of the Dynamic Pattern λ-calculus

The calculus is not confluent when no restrictions are imposed on the function
Sol. This is for example the case when we consider the decomposition of ap-
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plications containing free active variables (the term (λx x a.x) ((λy y.y) a) can
be reduced either to λy y.y or to (λx x a.x) a which are not joinable) or when
we deal with non-linear patterns (see Section 2.3). Nevertheless, the confluence
is recovered for some specific definitions of Sol like the one used in Section 1.2
when defining the λ-calculus as a core dynamic pattern λ-calculus.
In this section we give some sufficient conditions that guarantee the confluence of the core dynamic pattern λ-calculus. Intuitively, the hypotheses introduced in Section 2.1 under which we prove the confluence of the calculus guarantee the coherence between Sol and the underlying relation of the calculus. The
obtained results can then be generalized for a dynamic pattern λ-calculus with
an extended set of rules ξ that satisfies some classical coherence conditions.
We use here a proof method introduced by Martin-Löf that consists in defining a so-called parallel reduction that, intuitively, can reduce all the redexes
initially present in the term and that is strongly confluent (even if the one-step
reduction is not) under some hypotheses.
Definition 4 (Parallel reduction). The parallel reduction is inductively defined on the set of terms as follows:

A−→
q A

A−→
q A0
B−→
q B0
AB−→
q A0 B 0

A−→
q A0
B−→
q B0
q λθ A0 .B 0
λθ A.B−→

A−→
q A0
B−→
q B0
C−→
q C0
if σ 0 ∈ Sol(A0 ≺
≺θ C 0 )
(λθ A.B)C−→
q B 0 σ0
Note that the parallel reduction is compatible. Moreover, we should note that
this definition of parallel reduction does not coincide with the classical notion
of developments. For example, if we use a Sol function that computes the substitution solving the matching between its two arguments (for example, like in
Example 1 but without using the last rule) then we have
f x−→
q fx
x−→
q x
(λy.f y) a−→
q fa
(λ(f x).x)((λy.f y) a)−→
q a
The substitution {x ← a} solves the syntactic matching between the terms f x
and f a and thus, even if the initial term contains no head redex it can still be
reduced using the parallel reduction.
We extend the definition of parallel reduction to substitutions having the
same domain by setting σ−→
q σ 0 if for all x in the domain of σ, we have xσ−→
q xσ 0 .
2.1

Stability of Sol

Preservation of free variables First of all, when defining a higher-order calculus
it is natural to ask that the set of free variables is preserved by reduction (some
free variables can be lost but no free variables can appear during reduction). For
example, the free variables of the term (λθ A.B)C should be include the ones of
the term Bσ with σ = Sol(A ≺≺θ C). Thus, the substitution σ should instantiate
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∀A, C, A0 , C 0
H0 :

Sol(A ≺
≺θ C) = σ

=⇒

H1 :

Sol(A ≺
≺θ C) = σ

=⇒

(
H2 :

Sol(A ≺
≺θ C) = σ
A−→
q A0 C−→
q C0

=⇒

(

Dom(σ) = θ
Ran(σ) ⊆ fv(C) ∪ (fv(A)\θ)

(

∀τ, Var(τ ) ∩ θ = ∅,
Sol(Aτ ≺
≺θ Cτ ) = (τ ◦ σ)|θ



Sol(A0 ≺
≺ C 0 ) = σ0
0
σ−→
q σ

Fig. 3. Conditions to ensure confluence of the core dynamic pattern λ-calculus

all the variables bound (by the abstraction) in B, that is, all the variables in θ.
Moreover, the free variables of σ should already be present in C or free in A.
These conditions are enforced by the hypothesis H0 in Figure 3.
If we think of Sol as a unitary matching algorithm, the examples that do not
verify H0 are often peculiar algorithms (for example the function that returns the
substitution {x ← y} for any problem). When considering non-unitary matching
(not handled in this paper), there are several examples that do not verify H0 .
For instance, the algorithms solving higher-order matching problems or matching
problems in non-regular theories (e.g., such that x × 0 = 0) do not verify H0 .
Stability by substitution In the core dynamic pattern λ-calculus, when a patternabstraction is applied the argument may be open. One can wait for the argument
to be instantiated and only then compute the corresponding substitution (if it
exists) and reduce the application. On the other hand, one might not want to
sequentialize the reduction but to perform the reduction as soon as possible.
Nevertheless, the same result should be obtained for both reduction strategies.
This is enforced by the hypothesis H1 in Figure 3.
If we consider that Sol performs a naive matching algorithm that does not
take into account the variables in θ and such that Sol(a ≺≺∅ b) has no solution
and Sol(x ≺
≺∅ y) = {x ← y}, then the hypothesis H1 is clearly not verified (take
τ = {x ← a, y ← b}).
Stability by reduction When applying a pattern-abstraction, the argument may
also be not fully reduced. Once again, if Sol succeeds and produces a substitution
σ then subsequent reductions should not lead to a definitive failure for Sol.
Moreover, the substitution that is eventually obtained should be derivable from
σ. This is formally defined in hypothesis H2 .
The function Sol proposed in Example 1 does not satisfy this hypothesis. If we take I , (λy.y) then Sol(f (x, x) ≺≺x f (I I, I I)) = {x ← I I} but
Sol(f (x, x) ≺
≺x f (I I, I)) has no solution. Similarly, this hypothesis is not satisfied by a matching algorithm that allows the decomposition of applications
containing a so-called free active variable (i.e. a variable in applicative position).
For example, we can have Sol(x a ≺≺x (λy.y)a) = {x ← λy.y} but Sol(x a ≺≺x a)
has no solution for any classical (first-order) matching algorithm.
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2.2

Sufficient Conditions for the Confluence

In this section, we first prove the confluence of the core dynamic pattern λcalculus under the hypotheses H0 , H1 , H2 . The proof uses the standard techniques of parallel reduction first introduced by Tait and Martin-Löf. We first
show that the reflexive and transitive closure of the parallel and one-step reductions are the same. Then we show that the parallel reduction has the diamond
property and we deduce the confluence of the one-step reduction.
The three hypotheses given in the previous section are used for showing the
strong confluence of the parallel reduction and in particular the Lemma 2. On
the other hand, we can show that the reflexive and transitive closure of −→
q is
equal to 7→
→β independently of the properties of Sol.
Lemma 1. The following inclusions hold.

7→β ⊆ −→
q ⊆ 7→
→β .

The next fundamental lemma and the diamond property of the parallel reduction are obtained by indcution and are used for the confluence theorem.
Lemma 2 (Fundamental lemma). For all terms C and C 0 and for all substitutions σ and σ 0 ,such that C−→
q C 0 and σ−→
q σ 0 we have Cσ−→
q C 0 σ0 .
Lemma 3 (Diamond property for −→
q ). The relation −→
q satisfies the diamond property that is, for all terms A, B and C if A−→
q B and A−→
q C then
there exists a term D such that B−→
q D and C−→
q D.
Theorem 1 (Confluence). The core dynamic pattern λ-calculus with Sol satisfying H0 , H1 and H2 is confluent.
As we have already said most of the pattern-calculi extend the basic β rule
(or its equivalent) by a set of rules. We will state here the conditions that should
be imposed in order to prove the confluence of the dynamic pattern λ-calculus,
conditions that turn out to be satisfied by most of the different calculi that can
be expressed as instances of the dynamic pattern λ-calculus.
We show in this section that the confluence of extensions of the core dynamic pattern λ-calculus with an appropriate set of rules is easy to deduce using
Yokouchi-Hikita’s lemma [25] (see also [8]).
Lemma 4 (Yokouchi-Hikita). Let R and S be two relations defined on the
same set T of terms such that
– R is strongly normalizing and confluent,
– S has the diamond property,
– for all A, B and C in T such that A 7→R B and A 7→S C then there exists
D such that B 7→R∗ SR∗ D and C 7→R∗ D (Yokouchi-Hikita’s diagram).
Then the relation R∗ SR∗ is confluent.
Theorem 2. The dynamic pattern λ-calculus is confluent when
– Sol satisfies H0 , H1 , H2 ,
– the set ξ of reduction rules is strongly normalizing and confluent,
– the relations −→
q and ξ satisfy Yokouchi-Hikita’s diagram.
Proof. Notice that 7→
→β∪ξ and 7→
→ξ −→
q 7→
→ξ are equal (consequence of Lemma 1)
and apply Yokouchi-Hikita’s lemma with −→
q and the relation induced by ξ. u
t
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2.3

Encoding Klop’s Counter-example Using Linear Patterns

The different results we give below may seem to be limited because the conditions
imposed on the matching algorithm are strong. Nevertheless, these conditions
are respected by most of the pattern-calculi we have explored and relaxing them
leads to classical counter-examples for the confluence.
For example, if the matching can be performed on active variables then nonconfluent reductions can be obtained in both the lambda-calculus with patterns [24] and in the rewriting calculus [7]. Similarly, non-linear patterns lead to
non-confluent reductions that are variations of the Klop’s counter-example [13]
for higher-order systems dealing with non-linear matching. This is why in the
λ-calculus with patterns or in the ρ-calculus we only consider linear patterns
and in the pure pattern calculus matching against non-linear terms always fails.
When using dynamic patterns containing variables that are not bound in the
abstraction the confluence hypotheses should be carefully verified. More precisely, the behavior of non-linear rules can be encoded using linear and dynamic
patterns. Consequently, Klop’s counter-example can be encoded in the corresponding calculus that is therefore non-confluent.
Proposition 1 (Non-confluence). The core dynamic pattern λ-calculus with
Sol such that for all terms A and B and for some constant d
Sol(A ≺
≺∅ A) = id
Sol(x ≺
≺x A) = {x ← A}
Sol(d(x, y) ≺
≺x,y d(A, B)) = {x ← A, y ← B}

is not confluent.

Proof. It is sufficient to remark that we can encode non-linear patterns using
dynamic linear patterns as follows:
λx (d x x).♣

,

λx,y (d x y).(λ∅ x.♣)y

where ♣ denotes an arbitrary term. Then we adapt the encoding of Klop’s
counter-example in the core dynamic pattern λ-calculus.
t
u
As a consequence we obtain that any pattern-calculus defined using a function Sol that satisfies the conditions in Proposition 1 is not confluent. This is
somewhat surprising since the last two computations are clearly satisfied by any
classical syntactic matching algorithm and the first one seems to be a reasonable choice. On the other hand, ignoring the information given by the set θ of
bound variables when performing matching can lead to strange behaviors and
in particular it allows for an encoding of the equality of terms.
The conditions of Proposition 1 are not satisfied by the specific calculi considered in this paper. More precisely, Sol(A ≺≺∅ A) does not return the identity
for all terms but only for a subset that is defined either statically (syntactical
restrictions on patterns) like in the λ-calculus with patterns or the rewriting
calculus or dynamically (only a subset of terms can be matched) like in the pure
pattern calculus. In all these cases the matchable terms from the corresponding
subsets cannot be used to encode Klop’s counter-example.
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(βλP )

(λA.B)(Aσ)

→

Bσ

Fig. 4. Operational semantics of the λ-calculus with patterns

3

Instantiations of the Dynamic Pattern λ-calculus

In this section, we give some instantiations of the dynamic pattern λ-calculus.
For the sake of simplicity, we only give the key points for each of the pattern
based calculi. All these calculi have been proved confluent under appropriate
conditions; we give here confluence proofs based on these conditions and using
the general confluence proof for the dynamic pattern λ-calculus. This latter approach does not provide confluence proofs for free but gives a proof methodology
that focuses on the fundamental properties of the underlying matching that can
be thus seen as the key issue of pattern based calculi.
3.1

λ-calculus with Patterns

The λ-calculus with patterns was introduced in [24] as an extension of the
λ-calculus with pattern-matching facilities. The set of terms is parameterized
by a set of patterns Φ on which we can abstract.
The syntax of the λ-calculus with patterns is thus the one of the core dynamic
pattern λ-calculus but where patterns are taken in a given set and abstractions
always bind all the (free) pattern variables. Its operational semantics is given by
the rule in Figure 4.
Instead of considering syntactical restrictions, we can equivalently consider
that a matching problem A ≺≺θ Aσ has a solution only when A ∈ Φ. The
λ-calculus with patterns can thus be seen as an instance of the core dynamic
pattern λ-calculus.
The calculus is not confluent (see [24] Ex. 4.18) in general but some restrictions can be imposed on the set of patterns to recover confluence. This restriction
is called the rigid pattern condition (RPC) and can be defined using the parallel
reduction of the calculus. The definition allows for patterns which are extensionally but not intensionally rigid, such as Ω x y with Ω = (λx.xx) (λx.xx).
We choose a (less general) syntactical characterization [24] that excludes these
pathological cases.
Definition 5 (RPC). The set of terms satisfying RPC is the set of all terms
of the λ-calculus which
– are linear (each free variable occur at most once),
– are in normal form,
– have no active variables (i.e., no sub-terms of the form xA where x is free).
Note that reformulating H2 in the particular case of a Sol function that
performs matching on closed patterns leads to a condition close to the original
RPC (the parallel reduction used in the definition of RPC is slightly different).
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Nevertheless, the hypothesis H2 allows the matching to be performed on patterns
that are not in normal form (or not reducible to themselves) while this is not
the case for the RPC.
Example 3. Pairs and projections can be encoded in the λ-calculus with patterns
by directly matching on the pair encoding.


λ(λz.(z x) y).x λz.(z A) B
7→βλP
x{x ← A, y ← B}
≡

A

Proposition 2. The λ-calculus with patterns is confluent if the patterns are
taken in the set defined by the RPC.
Proof. The hypotheses H0 and H1 follow immediately. To prove H2 , we can remark that if P σ−→
q B with P ∈ RPC then ∃B 0 , σ 0 s.t. B 0 ≡ P σ 0 with σ−→
q σ0
This proves that a redex cannot overlap with P in P σ if P ∈ RPC and thus that
the condition H2 is satisfied. We conclude the proof by applying Thm. 1.
t
u
3.2

Rewriting Calculus

The rewriting calculus was introduced in [6] to make explicit all the ingredients
of rewriting. There are several versions of the calculus but we focus here on
the ρ_ -calculus [7] that uses a left-distributive structure operator and a special
constant representing matching failures.
Note that the syntax used here is slightly different from the original presentations that introduce matching constraints. Nevertheless, the use of matching
constraints is crucial only when considering explicit matching and substitution
application. We also omit the type related aspects of this calculi and consider
a syntactic matching (in the original version, the reduction rules of ρ_ -calculus
are parameterized by a matching theory T but the confluence is proved for the
syntactic version). The syntax of the ρ_ -calculus is given in Figure 5.
The patterns are linear algebraic terms (i.e. terms constructed only with
variables, constants and application). A structure is a collection of terms that
can be seen either as a set of rewrite rules or as a set of results. The symbol stk
can be considered as the special constant representing a redex whose underlying
matching problem is unsolvable.
We consider a superposition relation 6v between (patterns and) terms whose
aim is to characterize a broad class of matching equations that have not and
will never have a solution (i.e. independently of subsequent instantiations and
reductions). Thus, if P 6v A then ∀σ1 , σ2 , ∀A0 , Aσ1 7→
→A0 ⇒ P σ2 6≡ A0 . This
definition is clearly undecidable but syntactic characterizations can be given [7].
The ρ_ -calculus handles uniformly matching failures and eliminates them
when they are not significant for the computation. The semantics of the
ρ_ -calculus is given in Figure 5.
We can consider o and stk as constants of the dynamic pattern λ-calculus and
thus we can see the syntax of the ρ_ -calculus as an instance of the syntax of the
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Syntax of the ρ_ -calculus
Patterns P ::= x | stk | c(P, . . . , P )
Terms

(variables occur only once in any P)

A ::= c | stk | x | λP.A | A A | A o A
Semantics of the ρ_ -calculus
(βρstk )

(λP.A) B

→

Aσ

(δ)
(stk)
(stk)
(stk)
(stk)

(A o B) C
(λP.A) B
stk o A
A o stk
stk A

→
→
→
→
→

AC oBC
stk
A
A
stk

with P σ = B
if P 6v B

Fig. 5. The ρ_ -calculus

dynamic pattern λ-calculus. The rule (βρstk ) can be considered as an instance of
the (β) rule of the dynamic pattern λ-calculus.
(βρ )

(λP.A)B

→

Aσ

if σ = Sol(P ≺≺ B)

where Sol(P ≺
≺ B) has a solution only when P is a pattern. Since patterns are
linear algebraic terms then the Sol function can be implemented using first-order
linear matching à la Huet (see Example 1).
Proposition 3. The ρ_ -calculus with linear algebraic patterns is confluent.
Proof. The patterns of the ρ_ -calculus satisfy the RPC. The confluence of the
(βρstk ) rule is thus obtained as in Prop. 2. The relation δ ∪ stk induces a terminating relation. It is also locally confluent (all critical pairs are joinable). Moreover,
the relations −→
q βρstk and (δ ∪ stk) satisfy the Yokouchi-Hikita’s diagram (easy
induction of the structure of terms). Thm. 2 concludes the proof.
t
u
3.3

Pure Pattern Calculus

In the λ-calculus, data structures such as pairs of lists can be encoded. Although
the λ-calculus supports some functions that act uniformly on data structures,
it cannot support operations that exploit characteristics common to all data
structures such as an update function that traverses any data structures to
update its atoms. In the pure pattern calculus [10] where any term can be a
pattern the focus is put on the dynamic matching of data structures.
The syntax of the pure pattern calculus is the same as the one of the dynamic pattern λ-calculus (except that the pure pattern calculus defines a single
constructor).
Pattern-abstractions are applied using a particular matching algorithm. Although the original paper uses a single rule to describe application of patternabstractions we present it here using two rules. First, a rule that is an instance
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φ-data structures and φ-matchable forms
D ::= x (x ∈ φ) | c | D A
E ::= D | λθ A.B
where A and B are arbitrary terms
Semantics of the pure pattern calculus
(βpc )

(λθ A.B)C

→

stk
(βpc
)

(λθ A.B)C

→

Bσ
if σ = Sol(A ≺
≺θ C)
λx.x
if none = Sol(A ≺
≺θ C)

Fig. 6. The pure pattern calculus

of the (β) rule of the dynamic pattern λ-calculus. Secondly, a rule that reduces
the corresponding pattern-abstraction application to the identity (the motivation for this second rule is given in [10]) when the pattern-matching does not
succeed.
The matching algorithm of the pure pattern calculus is based on the notions
of φ-data structures (denoted D) and φ-matchable forms (denoted E) that are
given in Figure 6.
The operational semantics of the pure pattern calculus is given in Figure 6
where the partial function Sol is defined by the following equations that are
applied respecting the order below
Sol(x ≺
≺θ A)
Sol(c ≺
≺θ c)
Sol(A1 A2 ≺
≺θ B1 B2 )

=
=
=

Sol(A1 ≺
≺θ B1 )

=

{x ← A} if x ∈ θ
id
Sol(A1 ≺≺θ B1 ) d Sol(A2 ≺≺θ B2 )
if A1 A2 is a θ-data structure
if B1 B2 is a data structure
none
if A1 is a θ-matchable form
if B1 is a matchable form

Note that the union d is only defined for substitutions of disjoint domains
and that the union of none and σ is always none.
At first sight, the matching algorithm may seem surprising because one decomposes application syntactically whereas it is a higher-order symbol. This is
sound because the decomposition is done only on data-structures, which consist
of head normal forms.
Example 4. [10] Define elim , λx.λy (xy).y to be the generic eliminator. For
example, suppose given two constants Cons and Nil representing list constructs.
We define the function singleton , λx.(Cons x Nil) and we check that


elim singleton ≡
λx.λy (xy).y λx.(Cons x Nil)
7→ρppc

λ(Cons y Nil).y
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Proposition 4. The pure pattern calculus is confluent.
Proof. The hypothesis H0 is true. The hypotheses H1 and H2 are not surprisingly intermediate results in [10]. In particular, Lemma 7 [10] states that the
function Sol is stable by substitution and Lemma 8 [10] proves that the function
Sol is stable by reduction (when it returns a substitution and when it returns
stk
none). We use this property to prove that the relation (βpc
) is locally confluent
(simple induction). It is trivially terminating, and thus confluent. The fact that
stk
the relations −→
q βpc and (βpc
) verify Yokouchi-Hikita’s diagram is obtained again
by a simple induction. The only interesting case is for the term (λA0 .A1 )A2 but
it is easy to conclude using the stability by reduction of the function Sol.
t
u

4

Conclusions and Future Work

We propose here a different formulation for different pattern-based calculi and
we use the confluence properties of the general formalism to give alternative confluence proofs for these calculi. The general confluence proof uses the standard
techniques of parallel reduction of Tait and Martin-Löf and Yokouchi-Hikita’s
lemma. The method proposed by M. Takahashi [20] gives in general more elegant and shorter proofs by using the notion of developments. Reformulating the
hypotheses H0 , H1 and H2 and adapting the proofs of this paper is easy but
given a pattern-calculus the reformulated hypotheses are often more difficult to
prove than for the original case.
Moreover, we show that the proof of confluence of the ρ-calculus is easy
to deduce from our general result as soon as the structure operator has no
equational theory. Nevertheless, if one wants to switch to non-unitary matching
(and this is very useful is practice [23,22]) then the β rule should return a
collection of results and the structure operator should be (at least) associative
and commutative. This extension is syntactically and semantically non-trivial
and opens new challenging problems. Nevertheless, we think that this work is a
good starting point for the study of the confluence properties of pattern-calculi
with non-unitary matching.
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