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Abstract Pure Pattern Type SystemB{T'S) combine in a unified setting the capabili-
ties of rewriting and\-calculus. Their type systems, adapted from Barendregt’s
A-cube, are especially interesting from a logical point of view. Strong normal-
ization, an essential property for logical soundness, had only been conjectured
so far: in this paper, we give a positive answer for the simply-typed system.

The proof is based on a translation of terms and types RIS into the
A-calculus. First, we deal with untyped terms, ensuring that reductions are faith-
fully mimicked in theA-calculus. For this, we rely on an original encoding of
the pattern matching capability &27'S into the A-calculus.

Then we show how to translate types: the expressive power of System
needed in order to fully reproduce the original typing judgment®df'S. We
prove that the encoding is correct with respect to reductions and typing, and we
conclude with the strong normalization of simply-typBdT'S terms.

1 Introduction

The A-calculus and term rewriting provide two fundamental computational para-
digms that had a deep influence on the development of programming and specification
languages, and on proof environments. The idea that having computational power at
hand makes deduction significantly easier and safer is widely acknowledged (Dowek
et al., 2003; Werner, 1994). Many frameworks have been designed with a view to
integrate these two formalisms: either by enriching first-order rewriting with higher-
order capabilities (Klop et al., 1993) or by adding algebraic features ta-ttadculus
(caseexpressions with dependent types (Coquand, 1992), a typed pattern calculus
(Kesner et al., 1996) and calculi of algebraic constructions (Blanqui, 2001)).

Therewriting calculus or p-calculus, by unifying the\-calculus and the rewriting,
makes all the basic ingredients of rewriting explicit objects, in particular the notions
of rule applicationandresult A rewrite rule becomes a first-class object which can
be created and manipulated in the calculus, whereas in works like (Blanqui, 2001), the
rewriting remains a bit external to the calculus.

In (Cirstea et al., 2001), a collection of type systems for gtealculus was pre-
sented, extending Barendregiscube to ap-cube. Later, these type systems have



been studied deeper for the similar formalism/t7T'S (Barthe et al., 2003). Yet,

the rewriting calculus has also been assigned some type systems thatttevent
infinite reductions (Cirstea et al., 2004). Thus, strong normalization did remain an
open problem foP?T'S. In this paper, we give a first positive answer to this problem.
Since consistency is related to termination, this result m&kégsS a good candidate

for a proof-term language integrating deduction and computation at the same level.

The main contributions of this paper are:

® amore recent version @*?7'S, enhanced with a signature for the types of con-
stants and some corrections on the product rules;

m a concise encoding of pattern matching in thealculus, which has other po-
tential applications for the encoding of term rewriting systems;

» atranslation of the simply-typed system@tT'S into SystenFw emphasizing
some particular typing mechanisms®t1T'S;

» a proof of strong normalization for simply-typeef T'S terms.

This paper is organized as follows. In Section 2, we recall the syntax and the small-
step semantics aP?7T'S. In Section 3, we give an untyped version of the translation,
showing how pattern matching is encoded. In Sections 4 and 5, we present the type
systems ofP2T'S and Systenfw. In Sections 6 and 7, we give the fully typed trans-
lation and we outline a proof of correctness for three important elements of the typed
translation: variables, constants and delayed matching constraints. In Section 8, we
state the key lemmas used in the full strong normalization proof.

We assume the reader is reasonably familiar with the notations and results of typed
A-calculi (Barendregt, 1992), of the-calculus (Cirstea et al., 2004) and BFT'S
(Barthe et al., 2003).

Conventions and notations Generally, the reader can assume that every capital
letter denotes an object belonging®3T'S, and every small letter denotes an object
belonging to the\-calculus (except for constants and their arity). For instance, in
P2TS: XY, Z are variablesA, B, C are terms;P, Q are patternsg, f, g are con-
stants;®, U are types;= is an atomic type. In Systefffw: w, z,y, z are variables;
t,u are terms;3, v are type variablesy, 7 are typesk is a kind. Moreover, we will
use the notationsy, «; for an arity;6 for a substitutionI’, A for contexts (mainly in
P2TS); ¥ for a signature.

Syntactic equivalence of terms will be denoted=hyif a substitutiort has domain
X1... X, andVi, X0 = A;, we will also write it[X; := A, ... X,, ;= A4,]. We
assume that the signatu¥eof constants that can be used®iT S is finite, which is
legitimate since a given (finite) term only uses a finite number of constants. Therefore,
we will number the constantf, ..., fs, whereS is the cardinal oB:. To denote a
tuple of termsB;, . . . B,,, we will use the vector notatioﬁ(k_,n), or simplyﬁ) when
k andn are obvious from the context. This notation will be used in combination
with operators according to their default associativity: for instance, in Sybtem
AB2AB,...B, and\7.A2 \zy ... \z,,.A. To avoid confusion between sym-
bols, we will use bold\ andIT for P?T'S and roman\ andII for SystemFw.



2 P?TS: dynamic semantics

In this section, we recall the syntax BET'S and their evaluation rules. The syntax
of P2T'S extends that of the typed-calculus with structures and patterns (Barthe
et al., 2003). Several choices can be made for the set of patterivs this paper,
we only consider algebraic patternaghose shape is defined below. The main reason
for this restriction is that patterns containing symbols such asquire higher-order
matching, which seems difficult to encode in a typedalculus.

Signature L :=0|%,f: A Context ' := 0|, X: A
Pattern P:=X| f']_-")
Term Au=f | X | AP :A)A|II(P:A)A|[P<a AJA| A*A| A A

A term with shape\(P : A).A is anabstractionwith patternP, body A and con-
text A. The term[P <« BJA is adelayed matching constraintith patternP,
body A, argumentB and contextA. A term II(P : A).A is adependent prod-
uct, and will be used as a type; finallyd; B) is a structureand A+ B is anappli-
cation The application of a constant symbol, sfyto a termA will be denoted
by f+A too; it follows that the usual algebraic notation of a term is currified,

F(Ar, .o A2 feAye oA 2 oA,

DEFINITION 1 (FREE VARIABLES FV OF A TERM)

FV(A;B) = FV(A*B) = FV(A)U FV(B) FV(X) = {X}
FVA(P : A).A) S FVI(P:A)A) £ (FV(A)UFV(A))\ Dom(A)
FV([P <a BJA) £ (FV(A)UFV(A))\ Dom(A)

FV(, X : A) 2 FY(I)UFV(A) FV(f) = 0

In this paper, extending Church’s notation, the contaxin A(P : A).B (resp.

[P <a B]AorII(P : A).B) contains the type declarations of the free variables
appearing in the patterR, i.e. Dom(A) = FV(P). These variables are bound in
the abstraction. The contet will be omitted when we consider untyped terms. As
usual, we work modula-conversiorand we use Barendregt'fiygiene-convention
(Barendregt, 1992),e. free and bound variables have different names.

For the purpose of this paper, we consider only syntactic pattern matching; a syn-
tactic matching equatio®® < A has either no solution or a unique solution noted
0(p<a)- Infact, it seems difficult to encode more elaborated matching theories: for
instance, associative matching can generate an arbitrary high number of distinct solu-
tions. Thus, to give a faithful account of all matching solutions intkealculus, one
would probably need a fixed point.

(p) (A(P:A).A)B —, [P<aBJA

(U) [P <A B]A —o AQ(P<<B)

(0) (A;B)C  —5  AC;BC
Figure 1. Top-level rules ofP*T'S

The top-level rules are presented in Fig. 1. By therule, the application of a term
A(P : A).Ato atermB reduces to the delayed matching constraihtc o B]A; the



application of the(o) rule consists in solving the matching equatiBn< B and
applying the obtained substitution (if it exists) to the the tetmf no solution exists,
the (o) rule is not fired and the terf® <A BJ]A is not reduced. As usualy,s
denotes the congruent closure-ef, U —, U —5, and—s (resp.=,s) is defined as
the reflexive and transitive (resp. reflexive, symmetric and transitive) closugsof

3 Untyped encoding

In this section we translate the untypBdT'S with algebraic patterns. The process
of syntactic pattern matching consists in discriminating whether the argument begins
with the expected constant, and recursively use pattern matching on subterms. It is
this (quite simple) algorithm that we encode in thealculus. We use the following
notations:S is the number of symbols appearing in the signature. iiingymbol of
Y is denoted byf;.

To build the encoding of pattern matching, we need three conditions:

1 each constanf; has a “maximal” arity;, in the sense thaf; is never applied

to more thany; arguments; .
2 in every matching equatiofys P (1. ,y < fj* B (1..q), We haven; —p = o —gq;
3 each tern{4; B) has a maximal arityx.

In particular, when = j, the second condition reducesyte= ¢, which is an essential
condition for resolving this matching equation.

In this section, we assume these properties. In Section 4, we will see that typing
enforces the three conditions. They remain true in some untyped situations too: for
instance, if we were to encode a Term Rewriting System, the arity of the constants
would be given, and partial application of a constant would be forbidden, ensuring
that in every matching equationt; —p = a; — g = 0.

The translation is given in Fig. 2, by a recursive functjefl mappingP>T'S terms
to A-terms. We use a fresh variahte ; if a closed term is needed, we add an abstrac-
tion “Az | ” once the wholeP?T'S term is translated.

[x] =X
1r1= AT (10 AZ (1.8)-(2i T(1..0)))
[4;B] £ AT 1.0y (A2 (ZATT (1) ([ BIF (1.0))
[AX.A] £ AX.[A]
[[/\(fi’_ﬁ(lﬁp))Aﬂ = )\y'(ym—i_)(p+luai) x—Jj(l“i—l)[[A?(lnp)-A?(p—&-l“ai)~Aﬂ x_i_)(i+1..S))
[A-B] £ [A][B]
[[P < B]JA] £ the term obtained by hea@-reducing] (AP.A)*B]

Figure 2. Untyped term translation

Let us briefly explain this translation:

= In[f;], the variables; ...z, will be instantiated by the argumen§ of f;
(which explains why we had to bound the arity £j. Then, among the vari-
ablesz; ... zg, the one corresponding to the head constarit &f selected.

= [ A; B]is translated into the usual pair encoding of #healculus, and the ab-
stractions\ 7z distribute the arguments to both elements of the pair.



= In[AX.A], the abstraction over a single variable is straightforwardly translated
into aA\-abstraction.

m In [A(fi-]_ﬁ(lwp)).A]], the variabley will be instantiated by the argument of

this function (for instancé fj-ﬁﬂ). If necessary, the,; — p first occurrences
of the variabler instantiate the remaining variableg,; ...z, which can
appear in[ f; ]: this is where we use the conditien — p = «; — ¢. Then,

if fi = f;,thez...zg select] A?(l.,p).A?(pH“ai).Aﬂ and the encoding of
pattern matching can then go on (pointwise) with the sub-pat@rns. P, and
the subterms3; ... B,,; if matching fails,z | is selected, witnessing the failure.
The fresh vanables]ﬂrl .z, Will be instantiated byr, 's, but they do not
appear in[ A]. If a variableX has multiple occurrences in the pattern,dy
conversion, only one of the subpatteswill get the “original” variable, and
the otherX’s are renamed to fresh variables not occurrinf ] (so matching

failures due to non-linearity are not detected by the encoding).
m [ A-B]is translated into standapdcalculus application.
m [[P < B]A]is[(AP.A)sB] wherey has been instantiated fy3 |.

LEMMA 1 (CLOSURE BY SUBSTITUTION)
For any P2T'S termsA and By, . . ., B,,, for any variablesX1, ... X,,,

[A[X1:=By...Xn = Bn]] = [A][X1:=[Bi]... X»n := [Ba]l

THEOREM 1 (FAITHFUL REDUCTIONS)
For any termsA and B, if A —,5 B, then[ A] —3[ B] in at least one step.

EXAMPLE 1 (TRANSLATION OF A SUCCESSFUL DELAYED MATCHING)

AY.(A(f*X).X)Y)*(fea) = (AY.[f*X < Y]X)*(f*a)
o Y < fea][feX <Y]X
s UX<f]

J

The inner delayed matching constraint is essential here because it has to “wait” for
the instantiation ofY” before performing matching. For the translation, we consider
Y = {a1, fo} witha; = 0 andas = 1. The reductions are shown on Fig. 3. The
selected\-abstraction and its argument are underlined.

4 The typed P2TS: static semantics

This section presents a version of the type system®“f.S with some minor
adaptations. The inference rules are given in Fig. 4. For a detailed explanation of
these rules, the reader can refer to (Barthe et al., 2003); here, we will only discuss
some differences with regard to previous type systems fop-tbaculus andP?7'S:

= |n (Cirstea and Kirchner, 2000), a first strongly normalizing type system for the
p-calculus was introduced; however, the proof of normalization is mainly based
on a heavy restriction over the types of constants.



[AY.(A(f+X).X)*Y ]
[A(fX).X] [f] [al]
Y. ( Oy (yrL (A X.X))) z)) ( (A1 Az A 22 (2221)) (Mun Mz )
(

(
s (AY.(Yzi (AX.X))) ((m.,\zlAzQ.(zgxl))(AulAuz.ul))
s (AYL(Yor (AX.X))) (Az1Az2.(22(Aur Aduz.ur)))
(
(
(

Zl)\ZQ.(ZQ()\Ul)\UQ.Ul)))(L’ij_()\X.X)
Az (z2(Aur duz.u1))) (AX.X)

=B
]
=B

)\ .X)()\ul)\uQ.ul)

=5
Figure 3. Translation of a successful delayed matching

m |n (Cirstea et al., 2004), we studied a more permissive type system, still en-
forcing subject reduction, but allowing to typecheck some terms with infinite
reductions. Therefore, this type system was not fit for usingtbalculus as a
proof-term language.

= The type systems of (Cirstea et al., 2001; Barthe et al., 2003) were designed in
order to provide a strongly normalizing calculus where there was no restriction
on the type of the constants (apart those imposed by the type system). Until now,
strong normalization was an open problem for these systems. Here, we show
this property for a slight variation of (Barthe et al., 2003). We have introduced
a signature> which prevents the type of a constant to depend on free variables.

In rules MSorT) and (ProD), the first premise avoids a collapse of 1R&T"S-

cube. If we had just taked, : s;, with -, f : II(§ : *).53, the patternfe~y
would have sort but could be used to instantiate the type variaplenabling
polymorphism in the simply-typed system.

In the rule(Var), we usel'p={X : ® € I' | £,I' I, & : O} to avoid free
termvariables occuring in the type of a variable. It is mainly because we want
to keep the system “simply-typed”, in the sense that matching constraints oc-
curring in types do not yield types depending on terms. For the type systems
allowing terms depending on types, this restriction will have to be relaxed.
Finally, the rule BTRUCT) can seem quite restrictive, since case-dependent
expressions such as(0 : nat).0 ;A(s*X : nat).X are forbidden. How-
ever, it is non-trivial to weaken this rule. For example, if we had typa¢d :
nat).0 ; A(s*X : nat).X with II(N : nat).nat, we could have built a typed
term with infinite reductions as in (Cirstea et al., 2004).

The notion of arity we have assumed in the untyped encoding can be properly
defined here using types: jf has type®;, thenc; is defined as(®;):

a(Z) £ 0
o(TIP.¥) = 1+ a(D)
o[P < B)¥) £ «(¥)



STHA:® S THB:o
——— (AXIOM)
Ok, «:0 ' A;B:®
S Igk, @:s X & Dom(I") (Var) Y, ®:s f &€ Dom(X)
20, X:0H X @ X, f: 0, f: @
5T A: D ST U:s X & Dom(T")
20, X:0H A
XHA: O Y U:s f & Dom(X)
S, f 0 A D
5THA:T YTk ®:s O=,5V
XTHA:®
ST,AHA:D ETHII(P:A).D:s
ETH AP :A)AII(P:A).D
STk A TI(P:A).D S,k [P<a B]®:s
X, Tk, A*B: [P <a B|®
STAR, A:®  NTH, [P<a Bl®:s
Y.k, [P <a B]JA: [P <a B]®
V(X)) e A, S TAR s X, Ak, P: ¥y ET,AH @ sz
S THII(P:A)D: s
V(X:0)e A, S, TAF, ¥ s
ST,AF, P:¥, XTHB:U, IT,AF ®:s
S,k [P <A B]®: 52

(STrUCT)

(ConsrT)

(WEAKT)

(WEAKY)

(Conv)

(ABs)

(AppL)

(MATCH)

(PrOD)

(MSORT)

In the simply-typed systentsi, s2) = (x, *).
Figure 4. The typing rules ofP?T'S

One is easily convinced that a terfnz wherez contains more than; elements
—
can not be correctly typed. Similarly, in a te(m; B)*C, A and B have a common

type ® so C' can not contain more than(®) elements.

The second condition on arities is enforced too: in a given matching equation
fi-l_ﬁ(lup) < fj-fg(l”q), typing enforces thafi-?(lup) and fj-_B>(1“q) have the
same type, which immediately imposes— p = «; — g.

Some properties of these calculi, proved in (Barthe et al., 2003), are:

LEMMA 2 (SUBSTITUTION) If I''X:®, Ak, A: ¥ and T+, B : @,

then I',A[X := B] -, A[X := B]: V[X := B].

THEOREM 2 (SUBJECT REDUCTION)
If ', A: ®and A, A, thenl' -, A" : ®.

LEMMA 3 (UNIQUENESS OF TYPES UP TO SECOND ORDER)
If (51,32) c {(*, *), (D, *)}, if T Fp A:®; andIl Fp A @y, thend, ) Ds.

In this paper, we only treat the case of the simply typed calculus, corresponding to
(s1,82) = {(x,%)}. In particular, this implies uniqueness of types.



As a conclusion to this section, let us briefly explain why usual reducibility tech-
nigues seem to fail for this typed calculus. Roughly speaking, the interpretation of a
type II(P : A).® should be a function space whose domain is defined not only as
the interpretation of the type d? but also as terms matching with and whose suit-
able subterms belong to the interpretations of the types appearihg @uickly, this
imbrication of interpretations leads to circularities in the definition of interpretations.
Thus, it seems really tricky to obtain a proper definition of the reducibility candidates.

5 The SystemFw

In this section, we shortly recall the type systBm first introduced and studied in
(Girard, 1972). The formalism and its properties have been generalized to the Calculus
of Constructions (Coquand and Huet, 1988), and later on to Pure Type Systems. Here,
we follow the generic presentation of (Barendregt, 1992). The inference rules are
given in Fig. 5. Here, the possible product rules fe ), (O, *), (O, 0) }.

x:obpot:T Phe, H(z:0)7: s

(AXIOM) (ABS)

0 Fp, *+: 0O Pheo Mz i o)t : (z:0).7
Ihepo, o8 z & Dom(T) Dheo t:(z:0).7T TFrou:o
(VAR) (APPL)
Tziobroz:0 I'hry tu: 7]z =yl
Theot:o ey, 708 x & Dom(T)
(WEAK)
Dt be, t: o
IDhrot: 7 I'bFro o8 oc=3T
(conv)
I'bFrot:o
T'Fry 0 81 T,x:0FF, 71582 (s1,82) € {(x,%), (0, %), (d,0)} (PROD)

Dhro Oz : 0).7 1 52
Figure 5. The typing rules ofw

In all the remaining, for a typH(zx : o)., we will use the usual type arrow abbre-
viationo — 7 wheneverr ¢ FV(r), i.e. for terms depending on terms (product rule
(*, %)) and for types depending on types (product (il )).

Some well-known properties of this calculus are (Girard, 1972; Barendregt, 1992):

LEMMA 4 (SUBSTITUTION) If T,z:0,Abg,t:7 and ', u: o,
then F,A[l‘ = u] Fro t[;r: = u] : T[LL' = u]

THEOREM 3 (SUBJECT REDUCTION)
If ' Fe, t:oande—gt’, thenl g, ' 0.

LEMMA 5 (UNIQUENESS OF TYPES)
If I'Fp, t: 0oy andI gy, t 2 02, thenoy =g os.

THEOREM 4 (STRONG NORMALIZATION)
If T'Fg, t: o, thent is strongly normalizing.

6 The typed translation algorithm

Here, instead of translating a term to a term, we translate a typed term into a (ty-
pable) term. For simplicity of presentation, we still wrftel ]| but, as one can see on



Fig. 6, the translation of a ter is generally based on the fact thais typable. Sup-
posing we are given a type derivation for a judgment” |, A : ®, we recursively
build a term[ A typable in[T']. There is no translation fot since, as we will see
in Section 7, the context, : L. is sufficient to typd f ] for any constanf € ..

For the rest of the paper, we adopt the following abbreviations, for any types
..., on, T in Fw. The third definition is a special case of the second one with0:

[0]% — T ZSg—>...20—>T

S
{o1,...,04} = H(ﬁ:*).([al —>...Ua—>,3]s—>ﬂ)
{0} = T0(8:%).([8)° — B)

For each variablé& appearing in &27'S term, we add in the correspondiigerm
atype variablegsx which appears in the type $fX ]|. This variableGx is common to
every occurrence ok in the term, and ifX is bound, we bindx at the same point
as X in the translation. IfX is free, then in the translation of the context, the type
variableSx appears just befor&. The need foPy is explained in Section 7.

First we define the translation of typeise( terms such thal' -, ® : ) by four
mutually dependent definitions:

[® ]}§ translates the typ®, supposing it is the type of the variahlé depending on

the list of type variableSy. The free type variablgx (univocally correspond-
ing to X)) appears in this translation.

>

[E]2 = Bx7  (whereZ is atomig
[ By K@) ((PIa—[P]E )
Y ! Y)p- (oL oA RN
(viey)ea 8 5 UBy
[ By K@y ((0—LPla) = [VIX )
(YV:®y)eA ¥ UBYy
where[T'] e [B] : o

1>

[(P:A)w]E

>

[[P<a BIW]E

ﬂ@]}f? translates the typ@, supposing it is the type of the constghtdepending on
the list of types7 .

[2]L 2 {7}  (whereZis atomig
[IP:A)W]L = [T By :K@y)p ([PIa—[¥], )
(Y:@y)eA TU Paa
[[P<aBWIL 2 [1 By : K@) ((a —~ P IA)— [[xp}]f?)
(YV:®y)eA

where[T'] e [B] : o

The only free variable appearing [n® [ is 3x, and the arguments’ of

Bx are the bound variables whose scope extends to this subterm of the type.
Similarly, in [ @ ]]g, no variable is free, and all the bound variables whose scope
extends to the subterfir’ } are represented in this subterm.
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L P A flattens a patterd® with FV(P) C Dom(A). Since patterns appear in the
P2TS types, the translation at the type level must be accurate.

r =g —_
CfieP A = [Py Apir) .. TI(PL, ¢ Ag,) ‘:]]fr?’
LA
whereX b, fi : TI(P{ : Ay) .. . II(P,, : Ay,;) . E
X A2 [2)F ifX:deA

K(®)5 computes the kind o8x if X has typed.

- & 77
K(:)? = k —x
KIIP: A))p = KW)2y | @y,
(YV:®@y)eA
A
K([P <A B]\Ij)z’ = K(\P)?U U K(®y)p
(Y:®@y)eA

We can extend this translation to contexts, the base case being giwvan by

0] & =x.:1L
[T, X:®] = [I], Bx:K(®)y, X :[@]F  (f['H, &%)
[T, X:x] £ [T],X:x

Finally, we can translate typed terms. The translation is given in two distinct parts:
in Fig. 6, we give all the cases that are simply adapted from the untyped case. In Fig. 7,
we deal with the trickiest situations: matching constraints and conversion in the types.
These last cases are further explained in Section 7.

7 Rationale of the typed translation
In this section we treat three key constructs of the typed translation:
1 the type of a translated constant (accounting for the use of Sy§tem

2 the type of a variable (requiring types depending on types);
3 the translation of matching constraints appearing inRR&S types.

Typing the translation of a constant

First, let us study how constants and their translation affect typing. In order to
get a typed translation, in the previous section, we have added to the untyped term
[ f:] some type abstractions. The type abstractidfiss- : K(Py )y) are needed for
correctly typing the variables, as we will see in the next subsection. Here, we are
interested in the type abstractiaf : x) appearing iff f; ].

To explain the modifications we made, let us start from the untyped translation. We
suppose- f; : ITIP; .. . IIP,, . = where= is an atomic type, and we assume that each
P, is translated to a certain typs,. Then we have:

s
), BF[filior— ... > 04— 01— ... 50, — 0] =0
What remains unclear is the meaning®fThe type of a translated abstraction is:

+ [[)\(fp?(l_'p)).A]] : (O'p+1 — ..o 0> 01— ... > 04 —>T]S —>’y) —



[X] =X
[£:] 2 ABriAz1 ... ABray Aa; A(B: %) AT (1..9)-(5 T (1..01)))
whereX Fp fl : H(Pl : A1) .. .H(Pai : Aai) .=
— e m— — =
andfy ., correspond tdY : ®y) € A, with By : K(®y )p.
—_ = =
[[A; BH = )\ﬁy.)\w(lua).()\z.(z([[A]]ﬁyx(l'ﬂ))([[B]]ﬁyilf(lﬁa))))
whereX, T', A; B :II(Py : A1) ... II(Pa, : Ag,) . E
andﬁ_;:n are the type variables correspondingf® (P, ).
[ACX : @).A] 2 A(Bx : K(®)g)AX : [$]5).[A]
whereX, ', A(X : ). A: II(X : ).
— - roy 7
AXGA(BX : K(‘I)X)))\y(yj_(au P JA [ﬂY ::J—])(p+l..ai)
PN SN ﬁ) TN
T (xlm) [[)\P:A(lnp),A:C: LP JA(p+1”ai>.A]] (JEL’T()))
WhereE,F Fp A(fi'?(lup) : A)A : H(fi'?(lup) : A)\If
=
andX }—p fl : H(Pl : A)(l,,ai)).E and[[I‘]] Frw [[Aﬂ T
—
and[[F]] }_Fw [[A?(l'_p).)\ml(erl”ai).A]] 70
[A*B] 2 [A] 7= [B] i [T]Fero [B]:LP a [Bx :=7x)xea
whereX, ', A*B: [P <a B]¥
[[P <a BJA] £ the term obtained by heagHeducing] (A(P : A).A)*B]

[[A(fi.ﬁ(l..p) :A)A]

Figure 6. Typed term translation without matching constraints

Therefore, thé\-term[[)\(fi-)_()(l,,p)).A]] (IfillB1]---1Bp]) has avalid type only

if [01—>...—>0a—>T]S—>’y:[01—>...—>0a—>6]s—>ﬂ,i.e.T:ﬂ:’yand
F[Bi]:o1 ... F [By]:op. The typess and~ should be replaced by the return type
7 of the function which is applied tﬁ)fi-ff J. Since one can not guess what function
will be applied to a given term, we introduce the polymorphism of Girard’'s System
in the target language. The resulting modification can be seen on Fig[§; [nwe

abstract over the type variahte which is instantiated with by [ A( fi-I_D)).A]].

Thanks to polymorphism, the variable can get typdlI(: : *).., which is usually
noted_L. Then, if we need an arbitrary term with typewe user, o. This means that
all the \-terms we build are typable in a context containing L ; again, we can add
an abstractionX(z : 1 )" to get a closed term.

The typeq ® ]]5 have been built to fit with the new translation of constants: a trans-
lated constanf f; | with arity «; takesa; arguments with types; . .. o, and returns
a term with type{oy,...0,,}. The types, P |, extend this notion to nested pat-
terns: for instancé f+(gex1)*xz2 ] will have type{{o1}, o2}. This flattening process
keeps the shape of the pattern but forgets the constants used.

Typing a variable

In this subsection, we explain why we need a new type varidkléor each vari-
able X appearing in &27'S term (including bound variables appearing in a type).



H — r a o
= (Constraint postponementf #7x,0 =5 | P \a [Bx = TX] X €Dom(A)
A / r l _,>
[A*B] = Ayven)fy : K(®y). )\(w 10— L Pyi—yy JA) . ([[Aﬂ By (w[[B]]))
whereX, ', A*B : [P <a B]¥
and[T' [ Fro [B]: 0
m (Constraint resolution). For a postponement variable : ¢ — [ P o

appearing in a ternf A ], whenever a subsequent instantiatébof some free
type variables (ir) enforces:

r a
I7x, 00 =5 [P a [Bx = Tx]|xepom(a)
If X,T'F, A: ®, replace] A] with solve([ A], ®) defined as follows:

paN

— —
solve(t, IIP.¥) = A\g3%. ([[/\P[X::X/].]] solve(tBx[ Pix.=x1 ], ¥)

(where[ AP.] denotes the same abstractions as in Fig. 6 when encHAryA [)
—

solve(t, [P <a B]¥) = )\yEDom(A>@.Awl. solve(tByw', ¥)

if P < B is not the matching constraint associatedto
solve(t, [P <a B]¥) = t7% (A(z: 06).z)

if P <« B is the matching constraint associatedito

Figure 7. Typed term translation for delayed matching constraints

Consider the following examples:

(E:%),(X:IY :5).E) H, X II(Y - E).E
(E:ix) B AY :E)Y II(Y : E).E
Ex),(fIY :5).E) H f II(Y - E).2

Both terms\Y.Y andf can instantiateéX” since they have the same type. However,
the typed translation gives (in the contéxt= (x; : 1)):

T l_Fw A(ﬁy : *))\(Y : ﬁy)y : H(,@y : *)ﬁy — /BY
Pheo [ ] (H(By = %).By — {Bv}
The type variablggx which appears iftg, X : II(By : x).0y — Ox Py allows us
to treat both cases: an abstractibi. A is translated into\Gx . AX.[ A], so we can
give the expected type t& if we instantiate3x with the correct term:

AYY | Bx :=A(B:%).8 | BxPy —s By
f | Bx = A(B:%){B} | BxBy —s {Bv}

The need for types depending on types appears hgremust be able to build a
new type where some type variables, ljgg, may appear whereas they are bound in
the type of X. The functionK(-) computes a suitable kind fgix according to the
kinds of the argumentsy of 5x. Here, we havé g, Bx : * — *.

Translating matching constraints appearing in P2T'S types

The part of the typed translation shown in Fig. 6 mainly consists in correctly com-
bining information obtained by the translation of smaller terms. However, for applica-
tion (and matching constraints), the argument of a function must transmit it some type




information. InP2T'S, this process is initiated by the matching constraints appearing
in types, and carried on by the conversion rule.

In SystemFw, we can not encode pattern matching in the types, so matching con-
straints must be treated at the meta-leiel, during the translation. Let us study the
two kinds of matching constraints appearing in the types:

[P <A B]¥ with 36, B =, P§: By successive application of Lemmas 2, 1 and 4,

we can prove that the same equality holds for the types in Systenif [ B ]
—_— —

has types, then37x, 0 =5 | P A [Bx = 7x] where X = FV(P). The
proof of Theorem 5 is constructive: it gives an algorithm for computingthe

[P <A B]¥ with V8, B #4 P6 : In this case, a new postponement variablés
created with typer — | P | A, whereo is the type of[ B]. The type of
w appears iff [P < B]¥ ], accounting for the delayed matching constraint
in the type. The termu[ B] is used so that tha-term is well-typed, since
[A(P : A).A] expects a term of type P | ,. Suppose some subsequent
applications instantiate some free variable®&ireplacing it with a termB6,)
such thatdd, Bfy =5 P0. Then, we should instantiate the free type variables

[?X of | P A with suitable typesx and instantiatev with the identity since
we had translated into w[ B].

From a typing point of view, it is sound: because of the substitutiigrendé,
the type ofw is nowo [0y ] — [ P A [Bx := 7x] and the equality30y =5 P
ensures that[ 6y ]=5 . P .a [Bx := 7x], which meansv has a suitable type
for identity. The subtle point is that can be located quite deep in the term
we are considering: this is why we use the functiefwe(-, -) given in Fig. 7,
which performs a kind ofi-expansion to instantiate.

8 Strong normalization
In this section, we give the properties of our typed encoding.

PROPOSITION 1 (FAITHFUL REDUCTIONS) Lemma 1 and Theorem 1 are still
valid with the typed translation: eaghvd-reduction can be mimicked by at least one
[-reduction (and the postponement variablesnly prevent unsuccessful matchings).

LEMMA 6 (WELL-KINDEDNESS)
VE VLV, S ThH,&:x = [I]Bx:K(®)y ke, [®] : =

THEOREM 5 (WELL-TYPED TRANSLATION) VX, T, A, ®, if ¥,T'H, A:®
then, for a fresh variableZ, 374, [I'] ke, [A]: [®]Z[87 == 7a]

THEOREM 6 (STRONG NORMALIZATION OF TYPABLE P2?T'S TERMS)
vE, LA, @, if E,T'H, A: @ thenAis strongly normalizing.

Proof: A P2TS-typable termA is translated into afrw-typable term which has
no infinite reduction, so by Proposition 4,is strongly normalizing. O

9 Conclusion and perspectives

We have proved strong normalization of the simply-typetl'S by translating
it into SystemFw. First, we have shown how to encode untyped syntactic pattern



matching in thei-calculus. Introducing types in the translation then proved an in-
teresting challenge. One difficulty comes from the pattern matching occuring in the
P2T'S types, which calls for accurate adjustments in the translation. Another remark-
able point is that the typing mechanisms®*T'S can be expressed only with the
expressive power of Systefw, which is rather surprising since we only deal with the
simply-typedP?T'S. This fact leads us to think that, with the same product rules, the
expressive power aP?T'S is greater than the one of thecalculus.

An interesting development of this work would be to adapt the proof for the other
type systems oP2T'S. In the long term, we expect to us¥T'S as the base language
for a powerful proof assistant combining the logical soundness of{t@culus and
the computational power of the rewriting. This proof of strong normalization is a main
stepstone for this research direction, since logical soundness is deeply related to strong
normalization.
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Long version A detailed version of this article containing proofs and type deriva-
tions can be found atttp://www.loria.fr/ wack/papers/rhoSN.ps.gz.
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